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Abstract 


We examine the identity of so-called endo-commutative 
algebras in this study. It is evident from the character required 
to denote this class that the item in this class efficiently 
maintains the square of components. This concise and 
straightforward explanation makes use of a recent finding by 
one of the authors regarding the representation of the category 
of all two-dimensional algebras over any elementary field. 
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One of the key and challenging algebraic issues is the classification problem, up to isomorphism, of a given 
class of algebras. There are currently two methods known to solve the issue. The structural (base free, 
invariant) method is one of them. Examples of this type of approach are the classifications of simple and semi- 
simple Lie algebras by Cartan and of finite dimensional simple and semi-simple associative algebras by 
Wedderburn. However, it has been noted that this method gets more challenging when more generic algebraic 


types are taken into account. 


Recently, in [5] a complete classification of all 2-dimensional algebras over any basic field has been 
announced and we have come across with the paper [7], where the authors gave a complete classification of 


2-dimensional endo-commutative algebras over the field Zz. We have realized that it can be done over an 
arbitrary field by more easy and faster way relying on the results of [5] This is the subject of the present paper. 
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PRELIMINARIES 
We start by quickly reviewing a few of the ideas that will be used in the article. | Let A be ann-dimensional 
algebra over a field F and e = {e,,e,,...,e,} be a basis of A. Then on the basis e is represented by an x n? matrix 
(called the matrix of structure constant, shortly MSC) 


a 1 1. 1 1 al 1 1 1 
Qi, Gig --- Qt, G3, Gjg --- Ain --- Any Gng --- Ann 

2 2 2 2 2 2 2 2 2 
Aa| 1 G2 - Gin G21 G22 +) An + Ar Anz +++ Ann 
at, at, .-. af, af, ah, ... Gy, --- Gh, Gy ... Gy 


as follows 


n 


ee =) alex, where i,j = 1,2,...,n. 


k=1 


Therefore, the product on A with respect to the basis e is written as follows 

(2.1) x-y=eA(x @ y) 
for any x = ex, y = ey, where x = (x1, X2,...,Xn)", and y = (4, Y2,--., Yn)? are column coordinate vectors 
of x and y, respectively, x & y is the tensor(Kronecker) product of the vectors x and y. Now and onward for 
the product “x - y” on A we use the juxtaposition “xy”. 

If A is a two-dimensional algebra over a field F and e = {e,,e,} is a linear basis then MSC of it looks like 


A=(; Az 3 a) 


B, Br Bs Ba 


GIVING THE INDENTITY OF TWO-DIMENTIONAL ENDO-COMMUTATIVE 
ALGEBRAS BY STRUCTURE CONSTANTS 


Definition 1. An algebra A is said to be endo-commutative if x*y* = (xy)?, for any x,y € A. According to 
(2.1) we write 
x? =eAx®?, y? = eAy®?, x2y? = eA(Ax®? @ Ay®?) = eA(A @ A)(x®? @ y®?) 


(xy)? = eA(A@ @ y) @ A(x @ y)) = eA(A @ A) @ y)®?. 
Therefore, the equality x?y? = (xy)? in terms of MSC and the coordinate vectors is written as follows 


eA(A @ A)(x®? @ y®?) = eA(A @ A)(x @ y)®? 


A(A @ A)(x®? @ y®? — (x @ y)®*) =0 
or just 


(3.1) AA QAMX Ox @y@y-x@y@x@y)=0. 


Let now A be a two-dimensional algebra over a field F and let 


A=(; a2 3 oe) 


B, Bo. Bs By 
be its MSC on a basis e = {e,,€2}. 


Then (3.1) is nothing than 
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A3 — As = 0 
Ay — Ag = 0 
Ag—-A,+Aiu—-A1z3 = 0 
Ay2 — Ar4 = 0 
Ay3— Ay = 0 
Bz, -—B,; = 0 
B,— Bes = 0 
Be - By +By,—-By = O 
Biz — Bia = 0 

By3 — By, = 0 oan 


where 

Az = aj a3 + a2; + a3, + a8, Bs, 

Ag = Of 4 + 1 py + 43048, + O48, Bs, 

As = Qf a2 + a3B, + @,3B + 48; Bo, 

Ag = 005 + a3 By + A238, + a4 83, 

Ay = @,03 + 2038, + aZB3 + a4 83, 

Ay = 10304 + A2A3f4 + A304 P3 + A488, 
Ay3 = Af ay + 2048, + 0,038, + O48, Ba, 
Ay4q = AAA + A2A4P2 + 42038, + A,B2B,, 
B3 = 01038, + @,B2PR3 + a38,P3 + Bi P3B,, 
By = @104B, + 082, + 48183 + BBs. 

Bs = Q102H, + AB, Bz + @,P2P3 + PiB2Pa, 
Be = 3B, + A283 + a2 B28 + BZ Bs, 

By, = 038, + a382B3 + a3B3 + B3B4, 

Byy = 034 B, + 382, + A483 + BBE, 

Byz = 0,048, + A481 B2 + 083, + BBs. 

= 0120481 + 0487 + 0283B4 + BoBe. 


w 
RP 
us 

| 


Note that the set of the functions {x?y,y2,x2y3,x,X2V?,%1X2V1V2,X1X2ys, x3 y7,xFy, yo} 1S linearly independent. 
Therefore, the system (3.2) in terms of A; and B; (i,j = 3,4,...,13) can be rewritten as follows 
(3.3) 


A3 — As = 0 
A, — Ag = 0 
Ag —Agt+Ay1—Ai3, = O 
Ay2 — Aig = 0 
Ay3—- Ai = ‘0 

B; — Bz = 4G (3.3) 
By, — Be = 0 
Be -B,+By,-Bi3 = O 
Biz — Big = 0 
By3 — Bi, = 0 


Since equations 3 and 8 in the system rely linearly on the other equations, they can be eliminated. In terms of 
the structure constants @;, 8; (i,j = 1,2,...,4) the system (3.3) is written as follows 
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(ajay + a, a283 + afB, + 4B, Bz) — (af az + AFB, + @,A3B2 + 48, Br) > 
(aja, + a1, 028, + A348, + O48, B,) — (a5 + AZ By + A238 + 483) 
(10304 + 203 By + A304 P3 + A, B3B4) — (1 A2A4 + A2A4By + 238, + C4 H2 By) 
(apa, + a20,B, + a,038, + 048,84) — (403 + A038; + a3 B83 + 2483) 
(@103B, + @B2B3 + @32,B3 + By B3By) — (@1,02B, + 2B, By + A, B2B3 + Bi B2B4) 
(a7, 048, + 0B, By + 48,83 + BBE) — (aZB, + a2 BF + A2B,B3 + BF By) = 
(3048, + 03828, + a,B3 + BsBZ) — (a204B, + 43 + 2838, + BrB2) = 
(a7, 048, + A481 Bo + @,83B, + BBE) — (aZB, + 38283 + 383 + BF By) = 


(3.4) 


sl 
cooococ]e 
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